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ON THE STABILITY OF A SLEEPING TOP. 


Abstract of a Lecture before the American Mathematical Society at the 
Princeton Meeting, October 17, 1896. 


BY PROFESSOR FELIX KLEIN. 


Ty the four lectures* of the earlier part of the week I have 
attempted to simplify the formule for the motion of a top 
by turning to account the methods of the modern theory of 
functions. In treating this problem I have been largely 
influenced by the consideration that it is desirable on both 
sides to reinforce the relationships between pure mathe- 
matics and mechanics. 

To-day I consider from the same standpoint a much 
more elementary question, which, however, for this very 
reason serves as a type for many related problems, viz., the 
stability of a top rotating about an axis directed vertically 
upward. The point of support we will assume to be fixed. 
If it were moveable in a horizontal plane, the formule 
would be somewhat more complicated, but the final result 
would be quite similar to that in the special case. 

When the rotation is very rapid the Lehavior of the top 
is as if its axis were held fixed by a special force. This idea 
was employed, for instance, by Foucault (1851); to regard 
it, however, as an independent mechanical principle, as is 
done in many presentations of the subject, is, of course, 
absurd. 

The usual mode of attacking the problem is by means of 
the method of small oscillations. If x, y are the horizontal 
coordinates of the point of support of the top, n its rotational 
velocity, and P the moment of its weight, then, rejecting 
higher powers of z and y, we obtain the linear homoge- 
neous differential equations with constant coefficients 


2” + ny — Pr =0, 
y” — na’ — Py=0. 


The terms in 2’ and 7’ in these equations are known as the 
gyroscopic terms. The solutions of the equations involve 
the characteristic exponent 

tint 


9 


* Four lectures ‘‘On the theory of the top,’’ delivered at the invita- 
tion of Princeton University in connection with its sesquicentennial 
celebration. 
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With respect to the form of this exponent two cases are 

customarily distinguished: the stable case, n’? > 4P, and the 

unstable case n*? =4P, the conclusion then being drawn that 

in the former case actual oscillations take place about the 

position of equilibrium, while in the latter case the axis 

moves away indefinitely from the position of equilibrium. 
For the stable case we obtain 


acos” -sin |” 4P t, 
4 


t 
y = asin 3 sin t, 


where a is a constant of integration. 

I will retain the designations ‘‘ stable’’ and ‘‘ unstable’’ 
for the cases n? >4P and n’?=4P, and will then examine 
whether the motion actually corresponds to the common 
use of these terms. 

From the start this method of small oscillations lies open 
to severe criticism. In the so-called unstable case it is 
directly self-contradictory, since the quantities, which in 
the construction of the differential equation are assumed to 
be small, become after its integration large. There is no 
reason whatever, therefore, for regarding the results as an 
approximation to the actual conditions. Even in the stable 
case the method lacks an accurate basis. 

Poincaré, in the corresponding questions of astronomy, 
carries out the development in series to higher terms. But, 
supposing that these series converge at all, will their re- 
gion of convergence extend far enough so that the actual 
character of the motion can be deduced from them? In the 
ease of the top we are relieved of the laborious investiga- 
tion of this question, inasmuch as the complete integra- 
tion can be carried out in explicit form. 

I propose the following mode of treating the problem. 
For the sake of simplicity, the moments of inertia of the top 
about its principal axes are all assumed equal tol. The 
axis, being originally vertical, let the polar angles at any 
time to be 4, ¢’, and let cos 4=u. The formule of integra- 
tion are then 


du 
J 


where U=2(u—1)(n' + (Pu —2)(u + 
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The upper end of the axis (apex) of the top describes 
in all cases on the surface of the circumscribed sphere a 
rosette consisting of a number of congruent loops. This is 
still the case when n=0, a loop being then identical with a 
great circle of the sphere. Our interest centres in the ques- 
tion, how long these loops are, i. e., to what value u=e does 
u diminish, beginning with u=1. Here u=e is that root 
of U=0 which lies between u=+1 and u=—1. In order 
to obtain the width of the loops it would be necessary to 
discuss the integral ¢. 

Introducing v to denote the value when u = 1 of the an- 
gular velocity d+ / dt of the axis of the top, this being equal 
to the measure of the lateral impulse by which the axis is 
carried out of the vertical position, we have from U = 0, on 
writing e for u, 

ga (+1) 
e+1 


When e and ware rectangular codrdinates, this equation 
properly interpreted, represents a plane cubic, symmetric 
to the axis of e, with a vertical tangent at e= 1, v= 0, and 
having e + 1=0 as an asymptote. This curve has a certain 
difference of position according as 


n’—4P>0 or n? —4P<0, 


(the case n? —4P=0 may be disregarded for the sake of 
brevity). In the former (stable) case, the odd branch of 
the curve passes through e = + 1, v= 0, while in the latter 
(unstable) case, it is the even branch which passes through 
this point. 

In both cases it is the odd branch which is of account for 
the real motion of the top since u = cos # lies, for real 4, be- 
tween —land+1. In both cases, too, the difference 1—e, 
i.e., the length of the loops of the rosette, diminishes with r. 


= 
= 
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The characteristic distinction between the two cases is 
this: that for n?—4P> 0, the difference 1 — e diminishes 
with v to 0, while if n’ —4P < 0 this difference never passes 
a certain lower limit different from 0. Accordingly, in the 
unstable case, the loops of the rosette take at once a certain 
finite length even for the smallest lateral impulse given the 
top. 

Theoretically, this furnishes a sharp distinction between 
the two cases; practically, however, this may become un- 
noticeable, if n? — 4P while <0, becomes very small in ab- 
solute value. The rosette in the unstable case can become 
as small as we please ; and given a stable rosette, a proper 
choice of the constants n and v will give for the unstable 
case a rosette smaller than the stable one. 

Our result is therefore discordant with the common ac- 
ceptation of the terms ‘‘ stable’’ and ‘‘unstable.’’ Besides 
that it does not substantiate the pretensions of the method 
of small oscillations. If the apex of the top in an unstable 
ease describes a ‘‘small’’ rosette, why does not this fact 
appear from the method of small oscillations ? 

The answer to this last question will be apparent, if we 
introduce the quantity e in the integral t¢: 


P—P( + 21-1) +219) 


The method of small oscillations neglects in the paren- 
thesis 


n? —4P— P(u—1)(e—1) +2(u—1) + 2(e—1) 


the terms containing uw — 1 and e—1 in comparison with 
u’—4P. This is admissible when and only when u— 1 
and e — 1 being small, n? — 4P is not small,—and therefore 
those cases, stable or unstable, where n? — 4 Pis itself a small 
quantity are incapable of approximate treatment by the 
method of small oscillations. 


PRINCETON, October 18, 1896. 
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BIBLIOGRAPHY OF SURFACES AND TWISTED 
CURVES. 


BY DR. J. E. HILL. 


Tue following article gives a brief sketch of a bibliogra- 
phy of surfaces and twisted curves, prepared by the writer, 
and contains some miscellaneous notes pertaining to the 
general subject. It comprises for the most part extracts 
from a paper read before the AMERICAN MATHEMATICAL So- 
ciety at its last May meeting. 

The bibliography is intended to represent a compilation 
and classification, as complete as possible (with certain ex- 
ceptions), of all articles upon surfaces and twisted curves 
published during the present century. The exceptions 
noted above are the general discussion of quadric surfaces 
and sphero-conics and the complete consideration of line 
geometry. References to papers upon the curvature, lines 
of curvature, geodesics, umbilics, and general surface curves 
of quadric surfaces have been included and classified ; but, 
otherwise, articles upon the subjects whose exclusion has 
been mentioned are listed only incidentally. 

The bibliography is indexed, subject to revision, as fol- 
lows: 1. Surfaces in general. 2. Curvature of surfaces ; 
(a) of quadrics, (b) in general. 3. Lines of curvature; (a) 
upon quadrics, (b) in general. 4. Geodesics; (a) upon 
quadrics, (b) in general. 5. Surfaces curves; (a) upon 
quadrics, (b) in general. 6. Umbilics. 7. Contact of sur- 
faces. 8. Curvilinear coordinates. 9. Algebraic surfaces. 
10. Cubic surfaces. 11. Quartie surfaces; (a) in general, 
(b) the wave surface, (c) the torus, (d) the cyclide, (e) 
Kummer’s surface, (f) Steiner’s surface, (g) the surface of 
elasticity. 12. Surfaces of the fifth and higher orders; (a) 
quintic surfaces, (b) sextic surfaces, (c) septic surfaces, 
(d) octic surfaces, (e) 9-thic surfaces, (f) 10-thic surfaces, 
(g) 12-thie surfaces. 13. Surfaces of revolution. 14. Or- 
thogonal surfaces. 15. Envelopes. 16. Reciprocal surfaces. 
17. Minimal surfaces. 18. Ruled surfaces; (a) in general, 
(b) scrolls, (c) torses. 19. Surfaces defined by curvature; 
(a) surfaces of constant curvature, (b) surfaces with plane 
lines of curvature, (c) surfaces with spherical lines of cur- 
vature, (d) other special forms. 20. Special forms of sur- 
faces; (a) applicable, (b) helicoidal, (c) isothermal, (d) 
parallel, (e) normal, (f) polar, (g) pseudo, (h) pedal, (j) 
cyclic, (k) flexible and inextensible, (1) derived, (m) focal, 
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(n) anallagmati¢, (0) apsidal, (p) inverse, (q) other un- 
classified forms. 21. Twisted curves in general. 22. Cur- 
vature of twisted curves. 23. Algebraic twisted curves. 
24. Twisted cubies. 25. Twisted quartics; (a) in general, 
(b) of the first kind, (c) of the second kind. 26. Twisted 
curves of the fifth and higher orders; (a) twisted quintics, 
(b) twisted sextics, (c) twisted septics, (d) twisted octics, 
(e) twisted 10-thies. 27. Other special, unclassified forms 
of twisted curves. 

The bibliography, in its present form, consists of 3,715 
different references. Each reference gives the complete 
title of the paper listed, the name of the author, the year 
and the journal of publication, the number of the journal 
and the number of the pages occupied by the article. At 
the end of each section, cross-references to articles of other 
sections are given. 

Section 1, devoted to surfaces in general, contains 489 
references, besides cross-references to some sixty other arti- 
cles; the dates of publication of the papers referred to ex- 
tend from 1784 to 1896. In order that this section, con- 
taining such a large number of titles, should be readily ac- 
cessible to reference, an index has been appended to the sec- 
tion, enumerating the following divisions: Generation, In- 
tersection, Deformation, Quadrature, Singularities and 
Transformation (including Representation, Projection and 
Correspondence). All articles of this section not included 
in these divisions group themselves under the very con- 
venient head of General Theory. 

It is interesting to note the names of the mathematicians 
who, during the first half of this century, concerned them- 
selves with the subjects comprised in this section. Chief 
among such may be mentioned Monge, Lamé, Crelle, Gauss, 
Binet, Specht, Olivier, Gudermann, Plicker, Mébius, Tor- 
talini, Lowestern, Gregory, Cauchy, Steiner, Bedetti, Ber- 
trand, Bonnet, Umpfenbach, Ellis, Amiot, Schlafli, Bou- 
quet, Salmon, Bravais, Joachimsthal, Lebesgue, Hachette, 
Gergonne, Fregier, Bobillier, Hamilton, Conti, Dirksen. 
Brunn, Boole, and Chelini; some of these are the names of 
men already forgotten. The first reference in this section 
is that to a fourteen page article, by Monge, ‘‘ Sur l’expres- 
sion analytique de la génération des surfaces courbes,’’ 
published in the first volume of the Mémoires de l’ Académie 
des Sciences de Turin, 1784. 

The first article, listed in section 2, is a six-page paper, 
by, Hachette, published in 1804 in the Correspondance sur 
VEcole Polytechnique and entitled ‘‘De quelques pro- 
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priétés des rayons de courbure d’une surface.’’ This sec- 
tion contains 193 references and is introduced by references 
to articles by Hachette, Binet, Gergonne, Rodrigues, Sturm, 
Schubert, Plucker, Sophie Germaine, Poisson, Minding, 
Transon, Fink, Chelini, Paignon, Thomson, Joachimsthal, 
Babinet, Liouville, Bonnet, Breton, Dienger and Lebesque. 
The majority of these names, it will be noted, are French; 
in fact, in this section, as well as in section 1, nearly every 
article referred to, appearing during the first quarter of 
this century, was written by some French mathematician. 
As a matter of fact, Meusnier read his celebrated ‘‘ Mémoire 
sur la courbure des surfaces’’ before the French Academy 
of Sciences in February, 1776, and for the next fifty years 
this subject was an enthusiastic one for*the French school. 
The first reference to the curvature of quadrics, specifically 
treated, is that to a paper by Dupin, published in 1804 in 
the last-mentioned journal ; it is entitled ‘‘ Détermination 
des rayons de courbure des surfaces du second degré.’’ 

In referring to the lines of curvature of surfaces, the 
first article noted is the 20-page paper of Monge in the 
Journal de V Ecole Polytechnique, 1795, entitled ‘‘Sur les 
lignes de courbure de la surface de l’ellipsoide.’’ The first 
English article listed is that of Lardner, in the Transactions 
of the Irish Academy, 1824. volume 14, being ‘‘ An investi- 
gation of the lines of curvature of ellipsoids, hyperboloids 
and paraboloids.’’ The English mathematicians early de- 
voted themselves to the study of this branch of the theory 
of surfaces, the names of Ellis, Cayley, and Thomson fre- 
quently appearing, while the name of Michael Roberts is 
one inseparably connected with the history and study of 
the lines of curvature of surfaces. There are 78 references 
in this section of the bibliography. 

The study of geodesics is, of course, most closely con- 
nected with that of the general line of curvature and most 
articles upon the one deal with the other. The first article, 
however, that I note as treating specifically of geodesics is 
Euler’s ‘‘ Accuratior evolutio problematis de linea brevis- 
sima in superficie quacunque ducenda,”’ first published in 
the Nova Acta Academie Scientiarum Petropolitane, 1806, 
volume 15. Of the English mathematicians, James Ivory 
appears to have been the first actually to contribute to the 
theory of geodesics, and his article in the 67th volume of 
the Philosophical Magazine, ‘‘ On the properties of the lines of 
shortest distance traced on the surface of an oblate sphe- 
roid,’’ is the first article of the century expressedly investi- 
gating this subject from the standpoint of the quadric sur- 
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face. The papers of Jacobi, Joachimsthal, Liouville, 
Chasles, Gauss and Michael Roberts are to be especially 
mentioned. What was written of this last distinguished 
mathematician in the last paragraph, holds rigorously true 
under this. The bibliography contains 135 direct refer- 
ences to articles upon geodesics. 

The general surface curve is listed independent of any re- 
lation it may bear to the curvature of the surface and has, 
on this account, an inseparable relation to the intersec- 
tion of surfaces and the general twisted curye; I have 
placed it in a section by itself, however, because I deemed 
that the number of cases in which it has been treated, in 
ipso, demanded that I should do so. There are 104 refer- 
ences to this section and the first reference is to a paper by 
Legendre, ‘‘ Analyse des triangles tracés sur la surface d’un 
spheroid,’’ published in the sixth volume of the Mémoires de 
la classe des sciences mathématiques et physiques de lV’ Institut, 1806. 

I am able to find but twenty papers treating specifically 
of umbilics, the first reference being to the paper of Monge 
and Hachette, *‘ Application d’algebra a Ja géométrie,’’ in 
the fourth volume of the Journal de l’Ecole Polytechnique, 
1802. While this paper does not actually treat of umbilics, 
it deserves its place at the head of the list of papers upon 
this subject in that it is the first paper in which the discus- 
sion of the conditions for the circular sections of quadrics is 
undertaken and the idea of umbilics broached. Although 
there are but twenty references, some of the papers referred 
to are worthy of much consideration, e. g., those by Ver- 
dam, 1852 in the fifth volume of the Tijdschrift voor de 
Wis- en Natuurkundige Wettenschappen ; by Voss, 1875, in the 
ninth volume of the Mathematische Annalen ; and by Servais, 
1885, in the eighteenth volume of the third series of the 
Bulletin de V Académie des sciences, des lettres et des beaux-arts 
de Belgique. 

The first paper treating manifestedly of the contact of 
surfaces is Hachette’s ‘‘ De la courbe de contact d’une sur- 
face conique avec une surface dont l’equation est du degré 
m,”’ in the first volume of the Correspondance sur I’ Ecole 
Polytechnique, 1804. Of the twenty-six references listed in 
this section, those to the papers of Spottiswoode, extending 
through the ’70’s, are especially noticeable. 

Gauss first introduced the general theory of curvilinear 
coordinates in his celebrated memoir, ‘‘ Disquisitiones circa 
superficies curvas,’’ published in 1823 and translated into 
French in the ninth volume of the first series of the 
Nouvelles Annales de Mathématiques, 1852. The first English 
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paper that I find is Gregory’s ‘‘On the method of spherical 
coordinates,’’ published in the first and second volumes of 
the Cambridge Mathematical Journal, 1839. This section con- 
tains thirty-nine references; and the well-known paper of 
Lamé, ‘‘ Lécgons sur les coérdonnées curvilignes,’’ Paris, 
1859, and the lengthy memoir of de Salvert in the An- 
nales de la Société scientifique de Bruxelles, 1884, are particularly 
noticeable. 

Section 9, upon algebraic surfaces, which is introduced to 
abbreviate section 1 and fittingly to prepare the way to ref- 
erences to articles upon surfaces of determinate orders, is 
headed by Lardner’s, ‘‘On the general properties of alge- 
braic surfaces,’’ published in the 14th volume of the Trans- 
actions of the Irish Academy, followed by Pliicker’s historic 
paper, ‘‘ Récherches sur les surfaces algébriques des tous 
les degrés,’’ appearing in the 19th volume of the Annales de 
Mathématiques pures et appliquées (Gergonne). There are 
271 references in this section. 

It is remarkable that the first paper that I can find that 
deals specifically with the cubie surface is one by L. Moss- 
brugger, ‘‘ Untersuchungen uber die geometrische Bedeu- 
tung der constanten Coefficienten in den allgemeinen Glei- 
chungen der Flachen des zweiten und dritten Grades.’’ 
This paper appeared in the first volume of the Archiv der 
Mathematik und Physik, 1841. Salmon’s and Cayley’s papers 
upon the triple tangent planes of surfaces of the third 
order, 1849, published in the fourth volume of the Cam- 
bridge and Dublin Mathematical Journal, are the first English 
papers listed in this section. Although one may say that 
the classification of cubic surfaces is practically complete, 
the study of these surfaces appears, still to-day, to have the 
same fascination as was exhibited when the discovery of 
the existence and the relations of the 27 lines of the general 
cubic surface was first announced, no less than a round 
dozen of worthy articles upon cubic surfaces appearing last 
year. Of the 205 articles referred to in this section, nearly 
all are worthy of close perusal. 

Although the first reference to the quartic surface, treated 
generally dates no farther back than 1848, being Poncelet’s 
article in the seventh volume of the first series of the Nou- 
velles Annales de Mathématiques, the study of quadric surfaces 
gave early rise to certain surfaces of the fourth order whose 
theory is closely related to that of quadrics, the normopolar 
surface and the first pedal of the ellipsoid (which is, in 
fact, none other than the surface of elasticity) being illus- 
trations. Chief among such surfaces and the one most in- 
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teresting, both to the mathematician and to the physicist, 
is the wave surface. Though one cannot say that this sur- 
face was distinctly mentioned by Fresnel prior to his mem- 
oir read before the French Academy in 1827, it is, never- 
theless, true that it was hinted at in three previous papers 
of his, the first appearing in 1815; I have, therefore, con- 
sidered myself justified in heading the list of references to 
articles upon the wave surface with references to these 
three papers. This surface has appealed distinctly to Eng- 
lish investigators, fully one-half of the 84 articles upon 
the wave surface being from the pens of English mathema- 
ticians and physicists. This list includes Hamilton, Mac- 
eullagh, Lloyd, Lubbock, Sylvester, Archibald Smith, Moon, 
Cayley, Weddle, Walton, Prescott, W. Roberts, Tait, Turn- 
bull, Niven, Townsend, Hicks, 8. Roberts, Heavyside and 
Larmor. Among the long list of articles upon the wave 
surface, the length of which list may be considered remark- 
able when one considers that a single quartic surface is 
being treated, the fourteen papers of Mannheim, extending 
from 1867-1885 are to be especially noted. It would ap- 
pear to be a most meritorious piece of work to compile the 
results embraced in this long list of papers, representing the 
investigations of three-quarters of a century, into a full and 
concise treatise upon the wave surface. 

The recent appearance of the second edition of Darboux’s 
memoir on cycliques and cyclides, a very able and interest- 
ing review of which, by Mr. Roberts, was published in the 
last May number of the BuLLETIN, shows the maintenance of 
deep interest in the anallagmatic surfaces of the fourth order. 
In the third volume of the Proceedings of the London Mathemat- 
ical Society, page 189, the late Professor Cayley says that the 
Cyclide was first considered by Dupin in his ‘‘ Applications 
de Géométrie, etc.,’’ Paris, 1821, as the envelope of a 
sphere touching three given spheres; but as early as 1809, 
Dupin, in an auticle ‘‘ Mémoire sur la sphére tangente & 
trois ou A quatre autres,’’ published in the Correspondance 
sur Ecole Polytechnique, hinted at this surface; and articles 
by Hachette, Binet, Gergonne and Poncelet, published be- 
tween the years 1814 and 1820, upon the same subject, 
might be mentioned in the same connection. The chief 
honor, however, due for the present theory of anallagmatic 
surfaces of the fourth order, must be divided between Dar- 
boux and Casey, each of whom appears to have labored and 
achieved independently of the other. 

In this bibliography, I have deemed it expedient, in order 
to avoid confusion, to separate the torus, which can be gen- 
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erally defined as the surface generated by the revolution of 
@ conic around a fixed axis anywhere situated, from the 
eyclide proper, and also to treat the remaining anallagma- 
tic surfaces of the fourth order separately. Bordoni’s ar- 
ticle in the eighth volume of the Giornale di Fisica, Chimica 
e Storia Naturale is the earliest paper that I find upon the 
torus proper. 

Still another surface separates itself from the mass of 
quartic surfaces as possessing unusual interest, both in- 
trinsically and historically, viz., Kummer’s surface. This 
surface, being the 16-nodal quartic, gave immediate rise to 
the problem of the determination of the formula for the ex- 
pression of the maximum number of nodes possessed by an 
n-thie surface, a problem that is, as far as I know, yet un- 
solved ; the wave surface is, in fact, a particular case of 
Kummer’s surface, in which but four of the nodes are real. 
Kummer’s surface also bears an interesting relation to the 
theory of group transformations. 

Steiner’s surface, first determined by him as the Hessian 
of the general cubic surface, and the surface of elasticity, 
which I have already noted as being the first pedal of the 
ellipsoid, have each received enough attention to entitle 
them to be placed in a separate class. 

Altogether, section 11 contains 390 references. 

Section 12, treating of surfaces of the fifth and higher 
orders, need not be touched upon, except to mention that 
a nearly complete bibliography of quintic surfaces is given 
in a foot-note to the memoir, ‘‘ On Quintic Surfaces,’’ pub- 
lished in the first volume of The Mathematical Review and 
that the surfaces of this section, in so far as they have yet 
been studied, are mostly ruled surfaces, special developables, 
surfaces representable upon a plane and studied from that 
standpoint, and surfaces whose theory is inseparably con- 
nected with the theory of quadric surfaces. Among such 
last may be mentioned the parabolic ring of order six; the 
elliptic ring of order eight; the parallel surface of the para- 
boloid and the first central negative pedal of the ellipsoid 
of order ten; and the centro-surface of the ellipsoid and the 
parallel surface of the ellipsoid, of order twelve; all of 
which surfaces are remarkable in that their reciprocals are 
octadic 8-nodal quartic surfaces of the same species as the 
general torus. 

The first reference to articles upon surfaces of revolution, 
other than quadrics, is that to an anonymous contribution 
to the seventh volume of the Annales de Mathématiques pures 
et appliquées, entitled ‘‘Caractéres des surfaces de révolu- 
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teresting, both to the mathematician and to the physicist, 
is the wave surface. Though one cannot say that this sur- 
face was distinctly mentioned by Fresnel prior to his mem- 
oir read before the French Academy in 1827, it is, never- 
theless, true that it was hinted at in three previous papers 
of his, the first appearing in 1815; I have, therefore, con- 
sidered myself justified in heading the list of references to 
articles upon the wave surface with references to these 
three papers. This surface has appealed distinctly to Eng- 
lish investigators, fully one-half of the 84 articles upon 
the wave surface being from the pens of English mathema- 
ticians and physicists. This list includes Hamilton, Mac- 
cullagh, Lloyd, Lubbock, Sylvester, Archibald Smith, Moon, 
Cayley, Weddle, Walton, Prescott, W. Roberts, Tait, Turn- 
bull, Niven, Townsend, Hicks, S. Roberts, Heavyside and 
Larmor. Among the long list of articles upon the wave 
surface, the length of which list may be considered remark- 
able when one considers that a single quartic surface is 
being treated, the fourteen papers of Mannheim, extending 
from 1867-1885 are to be especially noted. It would ap- 
pear to be a most meritorious piece of work to compile the 
results embraced in this long list of papers, representing the 
investigations of three-quarters of a century, into a full and 
concise treatise upon the wave surface. 

The recent appearance of the second edition of Darboux’s 
memoir on cycliques and cyclides, a very able and interest- 
ing review of which, by Mr. Roberts, was published in the 
last May number of the BuLietry, shows the maintenance of 
deep interest in the anallagmatic surfaces of the fourth order. 
In the third volume of the Proceedings of the London Mathemat- 
ical Society, page 189, the late Professor Cayley says that the 
Cyclide was first considered by Dupin in his ‘‘ Applications 
de Géométrie, etc.,’’ Paris, 1821, as the envelope of a 
sphere touching three given spheres; but as early as 1809, 
Dupin, in an auticle ‘‘ Mémoire sur la sphére tangente 4 
trois ou A quatre autres,’’ published in the Correspondance 
sur l’Ecole Polytechnique, hinted at this surface; and articles 
by Hachette, Binet, Gergonne and Poncelet, published be- 
tween the years 1814 and 1820, upon the same subject, 
might be mentioned in the same connection. The chief 
honor, however, due for the present theory of anallagmatic 
surfaces of the fourth order, must be divided between Dar- 
boux and Casey, each of whom appears to have labored and 
achieved independently of the other. 

In this bibliography, I have deemed it expedient, in order 
to avoid confusion, to separate the torus, which can be gen- 
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erally defined as the surface generated by the revolution of 
@ conic around a fixed axis anywhere situated, from the 
cyclide proper, and also to treat the remaining anallagma- 
tic surfaces of the fourth order separately. Bordoni’s ar- 
ticle in the eighth volume of the Giornale di Fisica, Chimica 
e Storia Naturale is the earliest paper that I find upon the 
torus proper. 

Still another surface separates itself from the mass of 
quartic surfaces as possessing unusual interest, both in- 
trinsically and historically, viz., Kummer’s surface. This 
surface, being the 16-nodal quartic, gave immediate rise to 
the problem of the determination of the formula for the ex- 
pression of the maximum number of nodes possessed by an 
n-thic surface, a problem that is, as far as I know, yet un- 
solved ; the wave surface is, in fact, a particular case of 
Kummer’s surface, in which but four of the nodes are real. 
Kummer’s surface also bears an interesting relation to the 
theory of group transformations. 

Steiner’s surface, first determined by him as the Hessian 
of the general cubic surface, and the surface of elasticity, 
which I have already noted as being the first pedal of the 
ellipsoid, have each received enough attention to entitle 
them to be placed in a separate class. 

Altogether, section 11 contains 390 references. 

Section 12, treating of surfaces of the fifth and higher 
orders, need not be touched upon, except to mention that 
a nearly complete bibliography of quintic surfaces is given 
in a foot-note to the memoir, ‘‘ On Quintic Surfaces,’’ pub- 
lished in the first volume of The Mathematical Review and 
that the surfaces of this section, in so far as they have yet 
been studied, are mostly ruled surfaces, special developables, 
surfaces representable upon a plane and studied from that 
standpoint, and surfaces whose theory is inseparably con- 
nected with the theory of quadric surfaces. Among such 
last may be mentioned the parabolic ring of order six; the 
elliptic ring of order eight; the parallel surface of the para- 
boloid and the first central negative pedal of the ellipsoid 
of order ten; and the centro-surface of the ellipsoid and the 
parallel surface of the ellipsoid, of order twelve; all of 
which surfaces are remarkable in that their reciprocals are 
octadic 8-nodal quartic surfaces of the same species as the 
general torus. 

The first reference to articles upon surfaces of revolution, 
other than quadrics, is that to an anonymous contribution 
to the seventh volume of the Annales de Mathématiques pures 
et appliquées, entitled ‘‘Caractéres des surfaces de révolu- 
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tion, * * *,’’ 1816. To this section there are sixty-seven 
references which, for the most part, treat of special surfaces. 
Articles by De la Gournerie, in the twentieth volume of 
the Journal de Ecole Pol ytechnique and by Codazzi in the 
first volume of the Annali di Matematica are to be especially 
mentioned among the earlier contributions, while the 
papers of Pirondini (Nouvelles Annales de Mathématiques, 
1888; Annali di Matematica, 1890 and 1894) may be noted 
from among those of the last few years. There are some 
seventy articles listed in this section. 

Euler’s article in the 7th volume of the Mémoires de 
V Académie des Sciences de St. Pétersbourg, 1820, is the subject 
of the first reference in section 14. Lamé’s note and mem- 
oir in the Journal de Mathématiques pures et appliquées, 1838 
and 1843 and Bertrand’s paper in the Journal de I’Ecole 
Polytechnique, 1843 follow. The subject of orthogonal sur- 
faces is so closely connected with the consideration of iso- 
thermal surfaces that most articles treating of the one deal 
also with the other. The papers of Lamé and Bertrand, 
mentioned above, are, of the earlier papers, to be especially 
mentioned. There are 82 references to this section. 

Of the 27 articles referred to in section 15 (envelopes), 
Livet’s, in the first volume of the Correspondance sur I’ Ecole 
Polytechnique, 1803, followed closely, by Monge’s article in 
the fifth volume of the Journal del’ Ecole P olytechnique, 1806, 
is the first to which reference is made. The envelopes 
treated are nearly all envelopes of planes or of spheres. 

Of the 16 articles, references to which comprise the sec- 
tion upon reciprocal surfaces and which is introduced 
by reference to Salmon’s paper in the 2d volume of the 
Cambridge and Dublin Mathematical Journal, the several con- 
tributions of Salmon and Cayley, together with the notable 
paper of Zguthen in the 10th volume of the Mathematische 
Annalen, are the worthiest. 

References to articles upon the important subject of mini- 
mal surfaces (section 17), number 90. This section is in- 
troduced by reference to Gergonne’s ‘‘ Considerations pre- 
liminaires,’’ published in the 7th volume of the Annales de 
Mathématiques pures et appliquées, 1816. Among the articles 
referred to, those by Schwarz (extending from 1865 to 
date), Lie and Enneper deserve a special mention. A 
minimal surface of peculiar interest is Enneper’s celebrated 
surface of the ninth order (cf. Zeitschrift fiir Mathematik und 
Physik, volume 9). An interesting historical sketch and 
rapid review of minimal surfaces by Dr. Hancock is now 
running through The Mathematical Review. 
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To articles upon ruled surfaces in general there are 
ninety references, the first being to Binet’s paper in the 
second volume of the Correspondance sur l’ Ecole Polytechnique, 
1809. The first strictly epoch-making paper, however, is 
that of Chasles, in the eleventh volume of the Correspondance 
mathématique et physique (Quetelet), 1839, pp. 49-113, en- 
titled ‘‘Sur les surfaces engendrés par un ligne droite.’’ 
There is, however, an important paper of date earlier than 
this, viz., 1826, that has been, as far as I know, overlooked. 
I refer to the paper of Karal Hube, ‘‘ Daley ciag, ete.’’ 
(On the formation of curved surfaces by a right line), pub- 
lished in the eleventh volume of the Rocznik Towarzystwa 
Nankowegoz Uniwersystetem Krakowskim Polaczonego. 

Olivier’s three articles in the Bulletin des Sciences de la 
Société Philomathique de Paris, 1832-1833 and the Extraits des 
Procés- Verbaux des Séances de la Société Philomathique, 1838, 
are the first articles that I find treating specifically of 
scrolls. Of the fifty articles referred to in this division of 
section 18, the papers by Cayley, ‘‘On Skew Surfaces, 
otherwise Scrolls’? (Cambridge and Dublin Mathematical Jour- 
nal, volume 7 and Philosophical Transactions of the Royal Society 
of London, volumes 153, 154 and 159) are to be noted not 
only as being the first English contributions, but as epoch- 
making in themselves. 

Of torses in general (not noting special developables), 
Poisson’s articles, ‘‘Sur les surfaces developables,’’ pub- 
lished in the Bulletin des Sciences de la Société Philomathique 
de Paris, 1825, and in the first volume of Baumgartner’s 
Zeitschrift, 1826, are the earliest I find. Of the 60 articles 
listed in this division, many treat of special developables. 

Jellett’s paper, ‘‘Sur la surface dont la courbure mo- 
yenne est constante,’’ in the Journal de Mathématiques pures 
et appliquées, 1853, is the first of the 30 papers referred to 
as treating specifically of surfaces of constant curvature. 
Lie’s papers in the fourth and fifth volumes of the Tids- 
schrift for Mathematik are the ones to be especially noted. 

Of the many special studies of geometry that have, from 
time to time, attracted the French school and to which it 
has attached itself, with its customary ardor, for a longer 
or shorter period of time, none has been more pronounced 
and noticeable than the study of surfaces defined by their 
lines of curvature. Attracted to the subject early in 1853, 
Bonnet had a 200-page memoir in Journal de I’ Ecole Poly- 
technique and J. A. Serret a 50-page paper in the Journal de 
Mathématiques pures et appliquées before the year was over ; 
and, to this day, the subject has been an engrossing one to 
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the French school. Of English contributions, Cayley’s 
paper in the eleventh volume of the American Journal of 
Mathematics might be mentioned. 

Section 20, treating of special surfaces, contains refer- 
ences to all articles upon surfaces not included in previous 
sections. To this section, containing 340 references, space 
for but few remarks can be given. Applicable surfaces are 
introduced by Poisson’s celebrated papers upon elastic sur- 
faces, inserted in the third volume of the Correspondance 
sur l’Ecole Polytechnique, 1812, the Mémoires de la classe des 
sciences mathématiques et physiques de I’ Institut, 1812 and the 
Bulletin des Sciences de la Société Philomathique de Paris, 1814. 
The papers by Weingarten in the fifty-ninth volume of the 
Journal fiir die reine und angewandte Mathematik, the Nachrichten 
von der Gesellschaft der Wissenschaften zu Gottingen for 1887, 
and the one hundred and twelfth volume of the Comptes 
rendus hebdomadaires, as well as Codazzi’s article in the Mém- 
oires preséntés par divers savants, etc., for 1883 should be also 
mentioned. The only English article I find is Cayley’s re- 
view in the twenty-fourth volume of the Proceedings of the 
London Mathematical Society. 

Of isothermal surfaces, Lamé’s papers in the Annales de 
Chimie, 1833, the Journal de Mathématiques pures et appliquées. 
1837, 1843, 1874, the Mémoires presentés par divers savants, 
ete., 1838 and Despeyron’s memoir in the Journal fiir die 
reine und angewandte Mathematik, 1846 are to be especially 
remarked. 

An article upon parallel surfaces dates back as far as 
1813, being Bordoni’s ‘ Sopra le * * * superficie parallele ”’ 
which appeared in the sixteenth volume of the Memorie dell’ 
Accademia di seienze, lettere ed arti in Modena. S. Robert’s 
articles in the fourth and fifth volumes of the Proceedings of 
the London Mathematica? Society, 1873-1874, are the principal 
English contributions to the theory. 

Normal surfaces are introduced by Brenner’s paper in 
the thirteenth volume of the Archiv der Mathematik und Physik, 
and polar surfaces by Mainardi’s article in the first volume 
of the Atti dell’ Istituto Lombardo di scienze, lettere ed arti. 

Of the rich literature upon pedal surfaces, there are to be 
especially mentioned the papers by W. Roberts in the tenth 
and twelfth volumes of the Journal de Mathématiques pures 
et appliquées, that of Tortolini in the thirty-first volume of 
the Journal fiir die reine und angewandte Mathematik and the ar- 
ticles by Hirst in the second volume of the Annali di Mate- 
matica, the third volume of The Quarterly Journal, the sixty- 
second volume of the Journal fiir die reine und angewandte 


1897.] SURFACES AND TWISTED CURVES. 143 


Mathematik and the twelfth volume of the Proceedings of the 
Royal Society of London. The origin of the theory goes back 
to Maclaurin, Philosophical Transactions of the Royal Society of 
London, 1718. 

Concerning the remaining varieties of surfaces of this 
section space will permit no comment. 

The general curve line, not lying in a single plane, was 
first studied by Pitot, 1728, who gave to such curves the 
name of curves of double curvature ; afterwards by Clairaut, 
1731 (‘* Recherches sur les courbes 4 double courbure,’’) 
who gave expressions for the projections of these curves, 
for their tangents, normals, arc, etc.; by Monge, 1771 
(‘Mémoire sur les developées, etc.,’’) published 1785, in 
the tenth volume of the Mémoires présentées par divers savants, 
etc., as well as in his “‘ Applications de l’analyse 4 Ja géom- 
étrie,’”? who gave expressions for the normal plane, center 
and radius of curvature, evolutes, polar lines and polar de- 
velopable, center of osculating sphere, for the criterion for 
points of simple inflexion (where four consecutive points 
are in one plane) and for points of double inflexion (where 
three consecutive points lie upon one straight line); by Tin- 
seau, 1774(“Solutions de quelques problémes, etc. ,” published 
in the ninth volume of the Mémoires preséntées par divers savants, 
etc., 1780), who there considered the osculating plane* and the 
developable generated by the tangents; by Lacroix, in his Cal- 
cul Differentiel, 1790, who was the first to render the formulz 
symmetrical by the introduction of the differentials of the 
three coordinates. The first reference of the century in this 
bibliography (section 21) is that to the memoir of Lancret 
(Mémoire sur les courbes 4 double courbure”’) 1802, pub- 
lished in the first volume of the Mémoires * * * savants 
étrangers de l’ Institut, who calculated the angle of torsion and 
introduced the consideration of the rectifying lines and the 
rectifying surfaces. For further historical detail, the reader 
is referred to the able and admirable memoir of St. Venant 
(from which most of the above facts are taken), inserted in 
the eighteenth volume of the Journal de I’ Ecole Polytechnique, 
1845. Of later papers, those of W. Schell, “ Allgemeine 
Theorie der curven doppelter Krimmung in rein geometri- 
schen Darstellung,” Leipzig, 1859, and P. Serret, ‘‘ Theorie 
nouvelle géométrique et mécanique des lignes 4 double 
courbure,”’ Paris, 1860 are to be especially mentioned. Enne- 


* The osculating plane, however, had been previously considered as far 
back as 1728, by John Bernouilli in his discussion of the problem: ‘‘ In 
superficie quacunque curva ducere lineam inter duo puncta brevissimam,”’ 
(cf. his Opera omnia, volume 4, p. 113). 
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per’s paper in the Nachrichten von der Gesellschaft der Wissen- 
schaften zu Gottingen, 1881, and Valentiner’s in the second 
volume of the Acta Mathematica might be also remarked. 
This sections contains over 300 references. 

Section 22 contains 40 references and section 23 contains 
87 references. 

Twisted cubics appear to have been first noted by Mobius 
in his classic Barycentrie Caleulus, 1827, and the first paper 
listed in this section is Poncelet’s contribution to the seventh 
volume of the Correspondance mathématique et physique, 1832. 
Other papers to be noted are the thirty-third note of Chasles 
Apercu historique, his article in the Journal de Mathématiques 
pures et appliquées, 1857, Schroter’s contribution to the 
fifty-sixth volume of the Journal fiir die reine und ange- 
wandte Mathematik (as well as his work, published by Teubner 
in Leipzig, 1880), and the papers of Cremona in the first, 
second and fifth volumes of the Annali di Matimatica, and 
in the fifty-eighth, sixtieth and sixty-third volumes of the 
Journal fiir die reine und angewandte Mathematik; to these 
should be added the articles by Sturm in the seventy-ninth 
and eightieth volumes of the last mentioned Journal and 
the fortieth volume of the Zeitschrift fiir Mathematik und 
Physik, 1894, the papers by G. Loria (Rendiconti dell’ Ac- 
cademia della scienze, ete., Napoli, volume 29, 1885), by Reye 
(Mitteilung der Hamburger Mathematischen Gesellschaft, 1880) , 
by Klein (Annali di Matematica, 1891) and by Valeri (Me- 
morie dell’ Accademia di scienze, lettere ed arti in Modena, 
1892); this last paper, as well as the last mentioned paper 
by Sturm, deals with metric properties. The papers of 
Ca: ley in the ninth and tenth volumes of the Journal de 
Mar /matiques pures et appliquées, 1844-1845, of Salmon in 
the forty-second volume of the Journal fiir die reine und ange- 
wandte Mathematik, 1851, of Hamilton in the eighth volume 
of the Proceedings of the Irish Academy, 1865, of Spottis- 
woode in the Proceedings and the Philosophical Transactions of 
the Royal Society of London, 1881, and of Dixon in the twenty- 
third and twenty-fourth volumes of The Quarterly Journal, 
1889, are the principal English contributions. There are 
111 references to section 24. 

Twisted quarties of the first kind, being the intersection 
of two quadric surfaces, were naturally the first general 
species of twisted curves studied, and their history is iden- 
tical with the history of quadric surfaces. The first arti- 
cle, reference to which is made in this section, is one by 
Hachette, inserted in the first volume of the Correspondance 
sur l’ Ecole Polytechnique, 1804 (Des courbes du quatriéme de- 
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gré,etc.). Among articles upon twisted quartics of the first 
kind that deserve especial mention, may be noted the papers 
of Chasles, found in the fifty-fourth and fifty-fifth volumes of 
the Comptes rendus hebdomadaires, 1862, of Tortolini, in the fifth 
volume of the Annali di Matematica, 1863, of Painvin, in the 
Nouvelles Annales de Mathématiques, volume 7, 1868, of Reye, 
Annali di Matematica, volume 2, 1876, of Weyr, Sitzungsberichte 
der math.-natur. Klasse der Akademie zu Wien, 1876, 1877 and 
1878, of Schroter, Journal fiir die reine und angewandte Mathe- 
matik, 1882 (and in his “‘ Grundlage einer reingeometrischen 
Theorie der Raumcurven vierter Ordnung erster Species,” 
Leipzig, B. G. Teubner, 1890), of Lange, Zeitschrift fiir Math- 
ematik und Physik, 1883 and of Milanowski, Journal fiir die 
reine und angewandte Mathematik, 1884. 

Twisted quartics of the second kind were first shown to 
exist by Salmon, 1849, in his paper, ‘‘ On the classification 
of curves of double curvature,” inserted in the fifth volume 
of the Cambridge and Dublin Mathematical Journal, in which 
it was shown that every quartic of this kind always could 
be obtained as the residual intersection of a quadric surface 
and a cubic cone having one of the generators of the quadric 
for a double edge. Steiner independently arrived at this 
same fact in 1856 in his paper “ Ueber die Flachen dritten 
Grades’’ published in the fifty-third volume of the Journal 
fiir die reine und angewandte Mathematik and in the Sitzungsbe- 
richte der Preussischen Akademie der Wissenschaften zu Berlin, 
1856, Cremona’s paper in the Rendiconti delle sessvoni dell’ Ac- 
cademia delle scienze dell’ Istituto di Bologna and the Annali di 
Matematica for 1861, Bertini’s, in the Reale Istituto Lombardo di 
scienze 7 lettere, Rendiconti, 1872, Eberhardt’s, in the Zeitschrift 
fiir Mathematik und Physik 1877, Stahl’s, in the Journal fiir die 
reine und angewandte Mathematik, volume 101 and Rohn’s, in 
the forty-second and forty-third volumes of the Berichte iiber 
die Verhandlungen der Sachsischen Gesellschaft zu Leipzig are all 
papers worthy of particular mention. Altogether section 25 
contains 106 references. 

Of articles upon twisted quintics, those by Bertini (“In 
Memoriam Dominici Chelini, Collectanea Mathematica.” 
H6pli, 1881), by Weyr (Sitzungsberichte der math.-natur. 
Klasse der Academie zu Wien, volumes 90, 92 and 97), by 
Montesano (Rendiconti dell’ Accademia delle scienze, etc., 
Napoli, 1888) and by Berzolari (Memorie del Accademia det 
Tineei, 1893), are the principal. 

The papers of Weyr ( Comptes rendus hebdomadaires, volume 
76 and Sitzwngsberichte der math.-natur. Klasse der Academie zu 
Wien, volumes 99 and 100) and the paper of London 


146 LINEAR DIFFERENTIAL EQUATIONS. [Jan., 


( Mathematische Annalen, volume 44), are the principal con- 
tributions to the theory of the twisted sextic; with the ex- 
ception of the first, which deals with the classification of 
sextic curves in space, these all treat of the twisted sextic 
of deficiency one. 

Of papers upon twisted curves of orders higher than six, 
Weyr’s article in the sixty-ninth volume of the Sitzungsberichte 
der math. natur. Klasse der Academie zu Wien (“‘ Ueber Raum- 
curven siebenter Ordnung’’), is the only one in which a 
general treatment is found. Section 26 contains, altogether, 
twenty-two references. 

Section 27 (special forms of twisted curves), containing 
140 references, embraces the list of all articles, references to 
which could not find a fit place in the preceding sections. 

To the observant student, such a bibliography as the one 
here briefly sketched, is interesting in many ways other 
than those at first apparent. It shows the trend of the dif- 
ferent schools and their exoduses from one system or line of 
thought to another ; the swarming of disciples after masters 
as the latter have changed the directions or methods or 
their researches ; the fluctuating enthusiasm in progressive 
fields of investigation; the numerous accidental duplica- 
tions of discoveries and demonstrations, especially between 
different schools and languages; and, most important of 
all, it lays bare the “‘rag ends” that the masters, grown 
tired of one field of investigation, have left convenient for 
the disciple to lay hold of and unravel. Finally, it is be- 
lieved, that to know well that which has already been done 
best fits one to do that which is, as yet, undone. 

CoLUMBIA UNIVERSITY. 


LINEAR DIFFERENTIAL EQUATIONS. 


Handbuch der Theorie der linearen Differentialgleichungen. Von 
Professor Dr. Lupwic ScHLESINGER, Privatdocenten an 
der Universitat zu Berlin. In zwei Banden. Erster 
Band. Leipzig, Teubner, 1895. 8vo, xx+ 486 pp. 
The literature of the theory of linear differential equa- 

tions has increased so rapidly during the last quarter of a 

century, and much of it has become of such importance 

that a detailed and methodical presentation of the subject 
such as is contained in the volume before us will be wel- 
comed by large numbers of mathematicians and advanced 
students. While the author has attempted to make the 
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book as accessible as possible to different classes of readers 
by developing as far as he needs them various subjects not 
coming directly under the heading of differential equations, 
the book is in no sense an introduction to the theory. It is 
a work to be referred to by persons who already know the 
subject in outline at least and wish detailed information in 
some special direction, not to be worked through chapter 
by chapter. 

The first thing which strikes us on opening the volume 
is the arrangement of the table of contents, which covers 
thirteen pages and for which the contents of Lacroix’s 
Caleulus has served as a model. The interesting feature 
here is the extensive list of references (to original memoirs, 
etc.), which is given in connection with*each section. This 
will explain in part the remarkable freedom of the pages of 
the book from foot notes as these references are not re- 
peated. The advantages of this method are obvious, but 
it also has the disadvantage that it is impossible to make 
the precise bearing of the references as clear when they are 
given in this form as if they were immediately connected 
with the subject in hand. 

The volume opens with a historical introduction due in 
part to Paul Gunther, who was to have codperated with 
Professor Schlesinger in the publication of the book, but 
who died shortly after the work was undertaken. The 
greater part of this introduction is devoted to an account 
of the historical development of the theory of analytic 
functions and of the general theory of differential equa- 
tions, only the last three pages treating of the case of linear 
equations. Here and in a few historical statements scat- 
tered through the book we find an error in historical per- 
spective which is so often met with elsewhere that it seems 
necessary for us to refer to it. 

The founder of the modern theory of linear differential 
equations was Riemann. Although his paper of 1857 on the 
hypergeometric series refers to a very special class of differ- 
ential equations only, the methods there developed were 
the ones which, according to Riemann’s suggestion, have 
been used in the further development of the theory. These 
methods, like most others due to Riemann, were not gen- 
erally understood at the time. In 1865, however, Fuchs, 
inspired by the lectures of Weierstrass,* as well as by Rie- 


*I¢ is here stated (cf. Crelle Vol. 66, p. 122; see also a statement by Thomé 
on p. 322 of the same volume) that the theorem concerning the develop- 
ment of solutions about non-singular points is reproduced from Weier- 
strass’s lectures. This proof is explicitly ascribed by Schlesinger to Fuchs. 
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mann’s paper, treated in an easily intelligible manner two 
important special problems. It was not, however, in the 
memoir of 1857 alone that Riemann laid the foundation of 
the modern theory of linear differential equations. In a 
posthumous paper on minimum surfaces published in 1867, 
very important geometrical methods involving linear differ- 
ential equations of the second order were introduced which, 
as developed by Schwarz,* form the basis of the theory of 
automorphic functions. However much Fuchs may have 
done in his numerous contributions towards the develop- 
ment of the theory of linear differential equations, he is in 
no way its founder as he is termed by Schlesinger and by 
many others. 

After the historical introduction comes a nine page Jn- 
troduction, in which some matters concerning differential 
equations in general and the singular points of analytic 
functions are explained. 

Besides these introductions the volume before us consists 
of eight parts (Abschnitte), each of which is subdivided 
into chapters and these again into sections with headings. 

In Part I., which consists of only fourteen pages, Weier- 
strass’s proof of the fundamental existence theorem for 
linear differential equations is first givenj and the ana- 
lytic extension of the elements of the function thus ob- 
tained is considered, the general case in which the coeffi- 
cients of the equation are multiple valued functions being 
at once taken up. Fundamental systems and the linear 
dependence of solutions are then treated. 

Part II. is devoted to the more formal sides of the theory 
which bring out the analogy of linear differential equations 
to algebraic equations. Among the questions considered 
are the determination of the common solutions of two dif- 
ferential equations ; the breaking up of homogeneous linear 
expressions into symbolic factors; the reduction of the order 
of a homogeneous linear differential equation when one of 
its solutions is known; the theory of multipliers and ad- 


***Ueber diejenigen Faille, in welchen die Gaussische hypergeome- 
trische Reihe eine algebraische Function ihres vierten Elementes dar- 
stellt.’’ Crelle Vol. 75, 1872. ‘The methods referred to had been in part 
independently discovered by Schwarz in 1867; cf. Schwarz’s collected 
works, Vol. I., p. 109. 

t An error which occurs on p. 123 of Fuchs’s memoir is here copied. 
There will be no constants Mz > | px (2) | throughout a circle surrounding 
@ non-singular point and reaching out to the nearest singular point. It 
is necessary to draw a second circle concentric with the first and a little 
smaller, as is done in a similar case on p. 165, where Frobenius serves as 
the model. 
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joint differential equations; the fundamental theorems con- 
cerning non-homogeneous differential equations. Finally 
a brief discussion of the conception of reducibility as ap- 
plied to linear differential equations is given. 

Part III. refers to the behavior of the solutions of the dif- 
ferential equation in a doubly connected region within 
which the coefficients are single valued. The necessary 
theorems concerning the composition of linear substitutions 
are first developed, no specific knowledge except of the 
theory of determinants being assumed. The fundamental 
equation is defined and discussed from various points of 
view, and is finally applied to the development of solutions 
of the differential equation about points in the neighbor- 
hood of which the coefficients of the equation have the 
character of algebraic functions. 

In Part IV. the theory of regular singular points (Punkte 
der Bestimmtheit) is considered.* Assuming that the co- 
efficients of the equation behave like rational functions in 
the neighborhood of the point in question, a necessary form 
for these coefficients at a regular point is obtained, and it is 
then shown that this form is also sufficient to ensure the 
regularity of the point. There follows a detailed study of 
the solutions of the equation in the neighborhood of a reg- 
ular point. Finally the results obtained are extended in 
two directions, first to the case of non-homogeneous equa- 
tions and secondly to the case in which the coefficients of 
the homogeneous equation have the character of algebraic 
functions in the neighborhood of the point in question. 

Part V. is entitled: ‘‘ Differential equations of the 
Fuchsian class,” 7. e., equations which are everywhere reg- 
ular. It is first shown that the more general case in which 
the coefficients are algebraic functions can be reduced to 
the case in which they are rational functions, and this case 
alone is then considered. The results of part IV. are ap- 
plied to the equations in question and are extended by the 
consideration of the question of the convergence of the 
series used on their circles of convergence. The general 
form of the differential equation which is everywhere reg- 
ular and for which the singular points and their exponents 
are given is then obtained, and after certain simple special 
cases, including the equation with constant coefficients; 
have been treated, the hypergeometric differential equation 
is taken up and, after being reduced to the unsymmetrical 


* Concerning the terminology here used, cf. the first foot note on p. 
89 of this volume of the BULLETIN. 
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form in which Gauss used it, treated at some length. Al- 
though rather a matter of form than of substance, it should 
be mentioned that neither here nor elsewhere is it clearly 
brought out that the point at infinity does not play a part 
essentially different in the theory of linear differential equa- 
tions from that played by any other point. This makes a 
symmetrical development of the theory of the hypergeome- 
tric function quite impossible. 

Part VI. treats of the representation of solutions in a 
region which is bounded by two concentric circles and 
within which the coefficients are single valued analytic 
functions, including the important special case of the de- 
velopment about an irregular point. The method of infinite 
determinants is first taken up,* and then a method of Ham- 
burger depending upon conformal transformation. Each 
of these methods while giving a complete solution of the 
problem involves a determination of constants by transcen- 
dental processes. The other two methods which are here 
treated apply in special cases only and even then usually 
give merely particular solutions. They involve, however, 
only algebraic determinations of constants. The first of 
these methods refers to the case in which some of the solu- 
tions are regular at an irregular point while the second con- 
cerns Thomé’s ‘‘ normal solutions.” 

While the series which have so far been used to represent 
the solutions of differential equations converge within regions. 
bounded by one circle or by two concentric circles only, the 
question is taken up in Part VII. of obtaining solutions by 
means of infinite processes which converge throughout the 
whole plane, the case of equations with rational coefficients. 
being alone explicitly considered. Caqué’s method as gen- 
eralized by Fuchs is first explained and a few applications 
of it are given. The rest of this part is devoted to the dis- 
cussion of the neighborhood of an irregular point for equa- 
tions with rational coefficients, Poincaré’s discussion of the 
semi-convergent developments in the neighborhood of such 
points being, however, barely touched upon. 

The eighth and last part is again concerned with equa- 
tions with rational coefficients, the problem here being to- 
give methods for the computation of the coefficients of the 


* Concerning the mathematical connection between Hill’s original use- 
of these determinants and the use to which they are here put cf. a paper 
by Burkhardt: Ueber einige mathematische Resultate neuerer astrono- 
mischer Untersuchungen, insbesondere uber irregulire Integrale linearer 
Differentialgleichungen. Papers of the Chicago Mathematical Congress, 
pp. 20-25. 
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substitutions which express a fundamental system of solu- 
tions in the neighborhood of one point in terms of a funda- 
mental system in the neighborhood of another point when 
we pass from one point to the other by a given path. 
Several methods are explained and the part closes with an 
application to the differential equation satisfied by the hy- 
pergeometric series. 

The foregoing brief summary of the contents of the volume 
conveys no idea of the mass of detail given. This has not, 
especially in the later parts, been carried to the extent of 
including all known results concerning the subjects treated. 
The amount of detail given is, however, still very great, so 
great in fact as to obscure at times the underlying ideas, 
and for this reason, we repeat, the book will be found most 
useful to those who already have a clear grasp of the lead- 
ing principles of the subject. 

At various points in the book several more or less essen- 
tially distinct methods of treatment were open to the writer. 
Tn such cases it is to be regretted that Professor Schlessinger 
should often have been satisfied with the exposition of one 
of these methods even though, as is usually the case, it is 
the best. Advanced students for whom the volume before 
us is written, refer to a handbook not merely to find out 
what the facts in a certain branch of the subject are and 
how they can be established, but what their relations with 
one another and with other subjects are, and each new 
method of treatment suggests new relations. A few ex- 
amples will make clear what we mean. 

The fundamental existence theorem is established in Part 
I., by means of Weierstrass’s proof of convergence of the 
development into a power series. This proof is simple and 
historically interesting. Frobenius's proof of convergence 
when applied to the special case of non-singular points is, 
however, still simpler. Even more striking than this is the 
proof of this existence theorem which can be based upon 
Caqué’s solution given in Part VII. The possibility of this 
method is not even hinted at nor is any reference given.* 
Another matter is the necessary and sufficient condition 
that a set of functions should be linearly independent. This 
condition is deduced at the beginning of Part II. from the 
results of Part I., but it is not pointed out that this theorem 
can be proved directly and can then serve as a foundation 
for much of the work of Part I., making it in particular un- 
necessary to prove directly that the circle of convergence of 


* See for references p. 53 of this volume of the BULLETIN. 


152 LINEAR DIFFERENTIAL EQUATIONS. [Jan., 


the developments into power series about a non singular 
point reaches out to the nearest singular point of the differ- 
ential equation. A last example of the same kind concerns 
the development of solutions both about regular and about 
irregular points in the cases in which logarithms enter. 
The method originally used by Fuchs in these cases is not 
even referred to in the text.* In all these cases and in 
many more of the same sort a brief explanation of the gen- 
eral outlines of these alternative methods, together with 
references for the details, would have been sufficient. 

Somewhat in line with the question just considered, but 
involving far more important matters is the treatment ac- 
corded to Riemann’s theory of the hypergeometric function. 
The differential equation which this function satisfies is 
treated as an important example of the general theory and 
the chief results of Riemann and his predecessors are ob- 
tained, but no attempt is made to convey to the reader any- 
thing of the spirit of Riemann’s remarkable memoir. This 
is the more to be regretted as the methods used by Riemann 
have not, as has sometimes been suggested, been superseded 
by more modern methods; on the contrary the general 
theory of linear differential equations has not as yet grown 
up to the point where all of Riemann’s methods can be gen- 
erally applied. 

We bave confined ourselves so far to the criticism of de- 
tails and have refrained from any general discussion of the 
scope, arrangement, and completeness of the work as a 
whole. This course has been made necessary by the fact 
that only the first of the two volumes of which the Hand- 
book is to consist is as yet before us. We cannot, however, 
refrain from referring to one matter of a general character 
and that a very important one, the entire omission of the 
theory of the real solutions of real differential equations. 
We refer here not merely to the proofs of the existence of 
solutions when the coefficients of the equations are not as- 
sumed to be analytic,} but also to the important class of 


* A modification of Frobenius’s method for the treatment of regular 
points has recently been published by Kneser ( Math. Ann., Vol. 47, p. 
408). The object of this modification is to avoid the use of Weierstrass’s 
theorem that a uniformly convergent series of analytic functions may be 
differentiated term by term. It is not as well known as it should be that 
while the proof of this theorem as given by Weierstrass is rather compli- 
cated, its proof by means of Cauchy’s integral is immediate (cf. for in- 
stance Demartres: Cours d’ Analyse, Vol. 2, p. 74). There can, therefore, 
be no object in avoiding the use of this theorem except for the purist who 
wishes to base everything with Weierstrass on the use of power series. 

+ For references see pages 53 and 54 of the present volume of the 
BULLETIN. 
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theorems represented by Sturm’s famous paper in the first 
volume of Liouville’s Journal. When we consider the great 
importance of these questions both theoretically and in 
physical applications it is hard to justify their omission in 
what claims to be a Handbook of the whole theory of linear 
differential equations. This omission may, perhaps, be in 
part made good in the second volume. 

Although Professor Schlesinger’s treatise fails to meet 
some of the demands which it seems to us may fairly be 
made of a Handbook, it is certain, owing to the great 
amount of information which it contains in accessible form, 
to fill an important place in every mathematical library. 

Maxime Bocuer. 


HARVARD UNIVERSITY, 
December, 1896. 


TABLE OF THE FIRST FORTY ROOTS OF THE 
BESSEL EQUATION J,(z)=0 WITH THE COR- 
RESPONDING VALUES OF J, (2). 


Presented to the American Mathematical Society at its Third Summer 
Meeting, September 1, 1896. 


BY R. W. WILLSON AND B. O. PEIRCE. 


Tue first ten values of x for which Bessel’s function of the 
zeroth order, J, (x), vanishes have been given to ten places 
of decimals by Meissel.* The next thirty roots of the equa- 
tion, J, (x) =0 and the values of J, (2) corresponding to 
these forty roots have been computed by us by means of 
Vega’s ten place table of logarithms} except in the few 
cases where a greater number of places was necessary, and 
for these we have had recourse to Thoman’s tables.{ All 
the values have been checked by duplicate computation and 
the first four values of J, (x) by comparison with Meissel’s 
tables. 


* Math. Abhandlungen der K. Akad. der Wissenschaften zu Berlin, 1888. 

¢ Thesaurus Logarithmorum Completus, Lipsiae, 1794. 

¢ Tables de Logarithmes 4 27 Décimales pour les Calculs de Précision, 
Paris, 1867. 
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NOTES ON THE THEORY OF BILINEAR FORMS. 
BY PROFESSOR HENRY TABER. 
[Read at the November Meeting of the Society, 1896. ] 


AssocIATED with any linear substitution 


a,,Y, (r=1, 2,--- 
1 


n n 
2, a,, U,, 


which we may regard as representing the substitution ; 
and in the symbolic system described below we need not 
distinguish between a linear substitution and the bilinear 
form associated with it. Thus we may use the same sym- 
bol A to denote indifferently the substitution and the 
bilinear form.* 

If B denotes the bilinear form b.2u, A+B de- 

1 


s 1) 


notes either the bilinear form >>, (a,,+6,) x,u,,or the 


rr 


linear substitution to which this form corresponds. Further, 
in this symbolic notation, A B, which is termed the » product 
of A into B, signifies either the bilinear form 4 > Ce 


s res 


where 
a_b (r,3= 1, 2,---n), 
or its associated linear substitution, which is obtained by 


the composition in a definite order of the substitutions A 
and B. The composition or ‘ multiplication’ of bilinear 


* In the notation and nomenclature invented by Cayley a linear sub- 
stitution and a bilinear form are each represented by the square array of 
its coefficients, the matrix of the bilinear form or of the linear substitution; 
and we do not distinguish in general between a bilinear form and its 
matrix, or between a linear substitution and its matrix. See ‘‘Memoir on 
the Theory of Matrices,’ also ‘‘ Memoir on the Automorphic Linear 
Transformation of a Bipartite Quadrice Function,’’ Philosophical Transac- 
tions, 1858. Cayley’s symbolic notation differs only in unessential fea- 
tures from the system here described, which was invented by Frobenius 
subsequent to Cayley’s investigations. 


is the bilinear form 
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forms is then associative and distributive, but not in gen- 
eral commutative. 

In this notation, the equation A = B is to be regarded as 
satisfied identically, that is to say, for all values of the z’s 
and w’s, and is thus equivalent to n’ equations between the 
corresponding coefficients of A and B. In what follows I 
shall denote the identical substitution, or its associated bi- 


linear form > z,u,, by I. The determinant of the linear 
1 


substitution or bilinear form A will be denoted by | A | . 
If | A | + 0, there is a definite form, the reciprocal of A, 
denoted by such that A A“ A= I. 


$1. 


Relation between the exponents of the elementary divisors 
of | A — p B| and the numbers belonging to the roots of the equa- 
tion |\A—pB\|=0. 

Let p be a variable parameter not contained in the coeffi- 
cients of A and B, the host, A — pB, of bilinear forms is 
then a sheaf of bilinear forms, and the determinant | A — pB| 
of this sheaf is a rational integral function of » of order %.* 
Let p, be a root of the equation |A —pB|=0; then, 
if a—p,b=0, a—pb isa divisor of the determinant 
|A—pB|. If p, is a root of multiplicity / of the above 
equation, | A — p B| contains a—pb to the power I, but to 
no higher power. The minors of the determinant | A—p B | 
of all orders are also rational polynominals in p; and all 
the minors of order may contain a—pb if l> r. 
Let |. be the highest power of a — pb contained in all the 
minors of ordern—r. If, is the last of the series |, l,, 


etc., that is not zero, we have 
>6; 
and, if we put 
e=l1—l,, e, =1,—l,, 


then 


(a — pb)' = (a — pb)* (a — pb)* (a — pb). 


The several factors (a — pb)‘, (a — pb)", ete., of (a — pb)’ 
are elementary divisors (elementar theiler) of the determinant 
|A—pB|. These elementary divisors all vanish for p = p,. 


* It is assumed that | B! +0. 


| 
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Corresponding to each root of the equation | A — pB| = 0 
is a system of elementary divisors which all vanish if p be 
equal to the root in question. The theory of the elemen- 
tary divisors of | A — pB | is due to Weierstrass. 

Associated with the roots of the equation | A — pB, = 0, 
are certain other numbers which have been studied by Syl- 
vester, Buchheim, Ed. Weyr, and others. These numbers 
play an important rdle in the theory of linear substitution, 
and are closely related to the exponents of the elementary 
factors. Thus, p, being a root of multiplicity / of the equation 
| A — pB| = 0, the nullity* of the bilinear form A — p,B is 
at least one, and cannot exceed /; and the nullity of suc- 
cessive powers of A —p,B increases until a power of ex- 
ponent »=/ is attained whose nullity is equal to 1. The 
nullity of the (» +1)" and higher powers of A — p,B is 
then also /; and if 


denote respectively the nullities of 
(A—p,B) (A—p,B)’, (A—p,B)*", (A—p, B)", 


we have 


mn, =m, —m,= =m — m1=1. 


I term the numbers m,, m,, etc., the numbers belonging to the 
root p, of the equation | A —p B| = 0. 

Let now a diagram be formed corresponding to p, by ar- 
ranging m, =/ dots in rows and columns so that there 
shall be » rows, respectively, of 


equidistant dots, and so that the first dot in each row falls 
in the same (left hand) column. The number of columns 
will then be m, , which will be found to be equal to» + 1; 
and the number of dots in the successive columns, beginning 
with the extreme left hand column, will be equal, severally 
and respectively, to e, ¢,, 


*The nullity of a bilinear form is m if the (m—1)" minors (the 
minors of order n— m + 1) of its matrix are all zero, but not all the m™ 
minors (the minors of order n —m). 

+ E. g., if the numbers belonging to p, are 5, 9, 13, 16, the diagram cor- 
responding to py is 


and we have, e 


* & & 
* * & 
* 
4, = 4, ¢, = 4, = 3, 1. 
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Thus knowing the numbers belonging to the root p, of the 
equation | A —p B| = 0, we can find the exponents of the 
elementary divisors of | A —p B| that vanish for p = p,, 
and conversely. Further, from the existance of certain re- 
lations between the numbers belonging to p,, we may show 
the existance of corresponding relations between the ex- 
ponents e,¢,, etc. For example, if ~=1,in which case 
m, =1, the e’s are all equal to unity, that is the elementary 
divisors that vanish for p=, are linear (or simple); and 
conversely. Again if the numbers belonging to p, are all 
even, » is odd, and 

= Cy = Oy = Cy —-1 = Cv 5 
that is, the elementary divisors (»,— p)” occur in pair with 
equal exponent. Conversely, if this condition is satisfied, 
the numbers belonging to p, are all even. 

If B is the identical substitution, or the bilinear form 


I= 3,x,u, the determinant | A — p1| is the characteristic func- 
1 


tion of A, and the equation |A—pI' = 0, the characteristic 
equation of A. 


§2. Special linear homogeneous group. 


Let | A; = + 1, the linear substitution A is then a trans- 
formation of the special linear homogeneous group. Let 
the roots of the characteristic equation of A, | A— pI|=0, 
be 


Re p= ete., 


respectively, of multiplicity m’, m’’, etc.,— R’, R’”, ete., being 
the moduli, and 0, 0’, etc., the smallest positive arguments 
of p’,p”, etc. Then since | A! = +1, 


(R')™ (R")™ = +1, 
m +m" + == 


where & is some positive integer. Let now ¢ be the great- 
est common divisor of the exponents of all the elementary 
divisors of the characteristic function of A, then by virtue 
of what was shown in § 1, it follows from a theorem given 
in the Buttetin for April, 1896, page 232, that A ean be gen- 
erated by the repetition of an infinitesimal transformation of the 
special linear homogeneous groap tf, and only if, k contains 4. 


= 


16Q THEORY OF BILINEAR FORMS. [Jan., 


$3. 


Group of linear transformations whose invariant is a bilinear 
form. 


1. Let G denote the group of linear transformations 
whose invariant is the form A of non-zero determinant, the 
x’s and u’s being cogrediant. Let B denote the bilinear form 
>, 5, z,u, conjugate (or transverse) to B= >, bx, u,. 
1 1 1 


Then, if the linear substitution associated with the form B 
is a transformation of group G, 


BAB=A, 


and conversely. From what was stated in the introduc- 
tion, it is evident that this identity gives rise to n’ equa- 
tions in the coefficients of A and B which are quadratic in 
the coefficients of B. Consequently, the problem to de- 
termine the coefficients of the automorphic linear transfor- 
mation of a bilinear form presents itself at the outset as the 
solution of a system of n’ quadratic equations in n’ quan- 
tities (the coefficients of B). The reduction of the general 
solution of this problem to the solution of a system of n’ 
equation linear in n’ variables was effected by Cayley 
in 1858. Thus Cayley showed that if the linear substitu- 
tion B is a transformation of group G, we may in gen- 
eral put 


B=(A+ C)*(A— ©), 
where C is a bilinear form satisfying the equation 
(2) A“C + (A*) C=0.% 


As shown by Cayley, this equation is satisfied identically if 
A is symmetric, provided C is alternate ; or if A is alternate, 
provided C is symmetric.+ A form A is, of course, sym- 


metric if A = A(i.e¢., if a, = a,,), and is alternate if A=—A 
(i. e., ifa, = —a,,). 

The next step in Cayley’s investigation was, if A is neither 
symmetric nor alternate, to express the coefficients of C 
(and hence of B) rationally as functions of the smallest 


* Philosophical Transactions, 1858, p. 4 

+ These two theorems are almost inv: ariably ascribed by German mathe- 
maticians to Frobenius, by whom they were indeed given in 1878 ( Crelle, 
vol. 84); but they had been given by Cayley twenty years earlier in the 
Philosophical Transactions. 
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number of parameters; but, as pointed out by Voss, Cay- 
ley’s solution of this latter problem is erroneous. The de- 
.ermination of the bilinear form C satisfiying equation (a) 
1s due to Voss. 

If — 1 is a root of the characteristic equation of B, this 
linear substitution cannot be given Cayley’s representation. 

In the Mathematische Annalen, vol. 48, p. 102, Mr. Loewy 
states that if A is a bilinear form (of non-zero determinant), 
whose automorphic linear transformations of determinant 
+1* form an irreducible system,} every proper transforma- 
tion of group G results from the composition of two of Cay- 
ley’s forms, that is, can be given the representation 


A). (44-0) 6400.44.62 (4— 


where C, and C, satisfy equation (<). 

I find that for certain forms A (of non-zero determinant), 
for which | A — A ; = 0, not every automorphic transforma- 
tion of determinant +1 can. be given this representation. 
But, if A is any bilinear form whatever of (non-zero deter- 
minant), such that neither the determinant | A + A] nor 
the determinant | 1 — A | is zero, every .tomorphic linear 
transformation can be given Mr. Loewy’s representation, 
that is, results from the composition of two of Cayley’s 
forms. 

In this case, that is, if | A + A |+-0, every transformation 
of group G is given by the second power of Cayley’s expres- 
sion, that is, may be given the representation 


(ry) (A- OF, 


where C satisfies equation («). For, in a paper read be- 
fore the Society, August, 1895, (to appear in the Quarterly 
Journal), I showed that, if neither | A + A! nor |A— A| is 
zero, every transformation of group G is the second power 
of a transformation of this group ;} and it is readily proved 
that the second power of a transformation of group G is 
given by the square of Cayley’s expression. 


*If B is a transformation of group G, | B!2=1. If A is alternate, all 
the transformatigqns of group G are proper, that is are of determinant + 1. 

+See Voss. Abhandlungen der k. bayer. Akadamie der Wiss., II. Cl., 
XVII. Bd., II. Abth., 1890. 

{See BULLETIN, for October, 1895, p. 5. Ialsoshowed in this paper that, 
if A is alternate, every orthogonal substitution of group G is the second 
power of an orthogonal substitution of this group, and can therefore be 
generated by the repetition of an infinitesimal orthogonal substitution of 


group G. 
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2. Every transformation of group G that can be given by 
Cayley’s representation may be generated by the repetition 
of an infinitesimal transformation of group G. Afortiori, 
every transformation of group G that can be given the 
representation (7), and, therefore, the second power of any 
transformation of group G, can be generated thus.* It is, 
therefore, of some importance to determine the conditions 
necessary and sufficient that a transformation can be ex- 
pressed by formula (7). 

For the case in which A is symmetric, I have shown in 
the Proceedings of the London Mathematical Society, vol. 26, p. 
364, et seq., that in order that a transformation B of group 
G may be the second power of a transformation of this 
group, it is necessary and sufficient that either —1 shall 
not be a root of the characteristic equation of B, or that the 
numbers belonging to — 1 shall all be even. By what was 
shown in § 1 it follows that this theorem is equivalent to 
the following: If A is symmetric, a transformation B of 
group G is the second power of a transformation of this 
group if, and only if, the elementary factors of the char- 
acteristic equation of B that vanish for p= —1 occur in 
pairs with equal exponent; provided such factors exist, 
otherwise no condition is necessary. In this form the pre- 
ceeding theorem was given by Mr. Loewy, subsequent to 
my article, in the number of Annalen above referred to. 

For the case in which A is alternate, I showed in vol. 46 of 
the Mathematische Annalen, p. 582, that if —1 is a root of the 
characteristic equation of the transformation B of group 
G, the numbers belonging to —1 are all even. In the paper 
above referred to, read before the August meeting of the 
Society, 1895, I showed that these conditions were also suf- 
cient. This theorem was communicated to the American 
Academy of Arts and Sciences, January, 1896.{ 

Therefore, by §1, if A is alternate, the necessary and 
sufficient conditions that a transformation B of group G shall 
be the second power of a transformation of this group are 
that either —1 shall not be a root of the characteristic 
equation of B, or, if —1 is a root of the characteristic equa- 
tion of B, that the elementary factors of the determinant 
| B—pTI| that vanish for p=—1 shall occur in pairs with 
equal exponent. 


*See Proceedings American Academy of Arts and Sciences, vol. 30, p. 
181 ; also paper on ‘‘ The Group whose Invariant is a Bilinear Form,’’ to 
appear in a forthcoming number of the Mathematical Review. 

t+ See BULLETIN for October, 1895, p. 5. 
tSee Proceedings, vol. 31, p. 349. 
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Since, if | A + A | +0, each transformation of group @ 
is the second power of a transformation of this group, it fol- 
lows, in this case, that if — 1 is a root of the characteristic 
equation of a transformation of this group, the numbers be- 
longing to — 1 are all even.* 


3. Let it be assumed that | A + A | +0; and let the 
linear substitution B belong to the sub-group of orthogonal 
substitutions of group G. If —1 is not a root of the char- 
acteristic equation of B we may put 


B=(I+ 0) (1-0), 


where C is alternate, and is commutative with A. From 
the theorem given in the foot-note p. 161, it follows that any 
orthogonal substitution B of group G may be given the re- 
presentation 


where C satisfies equation (c). 


4. 


Group whose invariant is a real quadratie form. 

If we put u,=—~-2,, u,=~7,, etc., A becomes a quadratic 
form. In this case we may assume that A is symmetric. 

Let now G denote the group of real linear substitutions 
whose invariant is the quadratic form A. For n = 4, I have 
shown in the Proceedings of the London Mathematical Society, 
vol. 26, p. 375, that there are proper transformations of 
group G that are not the second power of any transformation 
of this group, and which, therefore, cannot be generated by 
the repetition of an infinitesimal transformation of this 
group, provided the roots of the characteristic equation of A 
are not all of the same sign. Whence, in this case, it fol- 
lows, if n > 4, that there are proper transformation of group 
G not the second power of any transformation of the group, 
and for which, therefore, the elementary divisors that vanish 
for p = — 1 do not all occur in pairs with equal exponent.7 

On the other hand, if A is real, and if the roots of the 


* The same is true, in this case, of the numbers belonging to the root 
+1 of the characteristic equation of a transformation of group G. 

+ Mr. Loewy states that, if A is real, and if — 1 is a root of a trans- 
formation of group G, the elementary divisors (1+ p)*r are necessarily 
all linear, and that therefore every proper transformation of group G 
can be given the representation of formula (7). 
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characteristic equation of A are all of the same sign, in par- 
ticular, if A = J, in which case G is the group of real orthog- 
onal substitutions, every proper transformation of group 
G is the second power of a transformation of this group. 
Therefore, even when A is real, if the roots of the equation 
| A—pI\|=0 are not all of the same sign and n= 4, G is 
not isomorphic with the group of real orthogonal substitu- 
tions. 


NOTES. 


Tue Annual Meeting of the AmericAN MATHEMATICAL 
Society was held in New York on Wednesday afternoon, 
December 30, at three o’clock, the President, Dr. Hi, in 
the chair. There were twenty-four members present. On 
the recommendation of the Council, the following persons, 
nominated at the preceding meeting, were elected to mem- 
bership: Professor Tuomas Epmonpson, New 
York University; Professor JAmes Lawson PATTERSON, 
Union College, Schenectady, N. Y. Reports were presented 
by the Secretary, Librarian and Treasurer. The Secretary 
announced that the membership of the Society was 279, a 
net increase of 12 for the year. The number of new mem- 
bers admitted during the year was 22, and the number of 
withdrawals 10. The average attendance at the ordinary 
meetings during the year was 15; the attendance at the last 
annual meeting 25; at the summer meeting 30; at the col- 
loquium 16; and at the Princeton meeting 34. The number 
of persons who had attended at least one meeting during 
the year was 82, an increase of 21 over the preceding year. 
Mr. Pfister and Dr. Schultze were appointed a committee to 
audit the Treasurer’s accounts. 

The chair appointed Dr. Ling and Mr. Pfister tellers for 
the annual election. Upon canvassing the ballots cast in 
person and by mail, they announced that the following ticket 
had been elected : 


President, Professor NEwcome, 
Vice-President, Professor R. S. Woopwarp, 
Secretary, Professor F. N. Cote, 
Treasurer, Professor JAcoBy, 
Librarian, Professor Pomeroy LADUE. 


Committee of Publication : 


Professor Tuomas S. FIskE, 
Professor ALEXANDER ZIWET, 
Professor Frank Mor Ley. 
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Members of the Council to serve until December, 1899: 


Professor ALFRED BAKER, 
Dr. G. W. Hitt, 
Dr. Emory McCuintock. 


The following papers were read : 

(1) Professor F. Morey: ‘‘ Geometric construction of a 
linear covariant of the binary quintic.”’ 

(2) Professor A.S. : “ On Foucault’s pendulum.” 

(3) Professor E. W. Brown: ‘“ Remarks upon a new 
lunar theory.” 


Tue National Academy of Sciences held a scientific ses- 
sion at Columbia University, November 17 and 18, pure and 
applied mathematics being represented* by Professor Stmon 
Newcome, Dr. G. W. Hitt, Professor Asapu Hatt, Profes- 
sor H. A. Rowxanp, Professor R. S. Woopwarp and Mr. 
CHartes §. Perrce. Mr. Perrce read the only strictly 
mathematical paper. Its title was “Mathematical In- 
finity.”’ 


CornELL University. The following advanced courses 
continue through the current year.—By Professor Warr: 
Analytic geometry ; Calculus.— By Professor Jones: Higher 
algebra and trigonometry.—By Professor McManon : Fou- 
rier series, spherical harmonics and Bessel functions; Ma- 
thematical theory of sound.—By Professor TANNER: Bin- 
ary quantics.—By Dr. Murray: Differential equations.— 
By Dr. Hutcutnson : Continuous groups.—By Dr. SNYDER : 
Theory of functions. 

In the Mathematical Club the theory of line geometry 
(géométrie réglée) is presented by the members in turn ; and 
reports are given on current journals. 


Proressor Otro H6LpER has been called from Tubingen 
to a professorship of mathematics at the University of 
Konigsberg. This makes the sixth change that has 
occurred at this university in the department of mathe- 
matics within the last three years. In 1893, Professors 
Lindemann, Hurwitz, Hilbert and Eberhard were all at 
Konigsberg, and, in the short interval since, Professor Lin- 
demann has been called to Munich, Professor Hurwitz to 
Zirich, Professor Hilbert to Gottingen, and Professor Eber- 
hard to Halle. Professor Hurwitz was succeeded by Pro- 
fessor Minkowski, who was in turn called to Ziirich, being 
now succeeded by Professor Holder. English and American 
universities hardly afford examples of such rapid changes. 
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Proressor H. Porncaré, who held the chair of Calculus 
of Probabilities and Mathematical Physics in the Paris 
Faculty of Sciences, has been transferred at his own re- 
quest to the chair of Mathematical Astronomy and Celestial 
Mechanics rendered vacant by the death of Professor F. F. 
Tisserand. Professor Poincaré’s successor is Professor V. 
J. BousstnEsq, who has hitherto held the chair of Physical 
and Experimental Mechanics. 


Tue tercentenary of the birth of Descartes was recently 
celebrated at Tours. A pilgrimage was made to the house 
at La Haye in which Descartes was born. 


Accorpine to Science a graduate scholarship in mathe- 
matics of the annual value of three hundred dollars, has 
been founded at Cornell University in honor of the late 
Professor JAMES EpwARD OLIVER. 


Proressor E. Stupy has been called from Bonn to a pro- 
fessorship of mathematics at the University of Greifswald. 


Dr. F. Buxa, professor of geometry at the Technical 
High School in Berlin, died December 4, 1896, aged forty- 
five years. 


Dr. J. A. Hueco GyLpEN, professor of astronomy at the 
University of Stockholm, died November 9, at the age of 
fifty-five years. 
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